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1. Introduction and overview

The purpose of this paper is to extend recent progress in open string mirror symmetry
for the quintic I, f] to the class of Calabi-Yau hypersurfaces, X, in weighted projective
space, with one-dimensional Kihler moduli space, i.e., h11(X) = 1 = ho1(Y), where Y is
the mirror manifold of X.

There are three models of this type (excluding the quintic), characterized by the five
positive integer weights (v1,...,v5), such that k := > 1; is divisible by each of the v;
(Gepner models), and all five mutually coprime. We will denote k/v; =: h;. These models
were considered in the early days of mirror symmetry [ as the simplest class of examples
to which to extend the original computation of Candelas et al. [ff] on the quintic.



The manifolds of the A-model, X®) are hypersurfaces of degree k in weighted projec-
tive space P4(vq, ..., vs5):
X cPi1,1,1,1,2),
X® cPY1,1,1,1,4), (1.1)
x40 cp4(1,1,1,5,2) .
The corresponding mirror manifolds, Y *), are resolutions of quotients of specific one-

parameter families of degree k hypersurfaces by the group G = G’/Zk, where G =
Ker(Hi Ly, — Zk) is the Greene-Plesser orbifold group.

1
y (©) G (28 + 25 + 2§ + 2§ + 223) — Y 2z3m425 = 0,
1
y®) S (2% + 25 + 2§ + 2§ + 428) — Yr122m37475 = 0,
1
Y10 10 (xio + 20 4+ 230 4 225 + 53:%) —Yxixowsraxrs =0 . (1.2)

For compact Calabi-Yau manifolds, the only systematic construction of D-branes of
the A-model (Lagrangian submanifolds) is as the fixed point set of an anti-holomorphic
involution for some choice of complex structure on X*). The Fermat point Ea:i“ =0
in complex structure moduli space is the most convenient for comparison with boundary
conformal field theory and derivation of the mirror configurations (see below). For X(©)
and X9 the Lagrangians and their worldvolume theories are qualitatively very similar
to those on the quintic, see section B For X ®), we find that for certain choices of anti-
holomorphic involution, the fixed point set consists of disconnected components in the
same homology class. As a consequence, the worldvolume theory has vacua corresponding
to wrapping on different Lagrangian submanifolds that cannot be continuously connected
through Lagrangian families. In this case, the tension of BPS domainwalls between the
vacua receives corrections from both open and closed string worldsheet instantons. Only
when all effects are combined do we obtain a physically sensible domainwall spectrum.
Although this phenomenon is not unexpected in general, it had not been seen previously
in explicit examples on either the quintic or local Calabi-Yau manifolds.

On the mirror side, the most convenient (and complete) description of B-type D-branes
on Y*) is as graded, G—equivariant matrix factorizations of the hypersurface polynomial,
W) viewed as Landau-Ginzburg superpotential [Al. The basic algorithm for working out
the configurations mirror to the real slices of X*) is described in [§]. We will follow this
procedure and match the vacuum structure with that seen in the A-model.

For certain other choices of anti-holomorphic involution, also on X ®), the Lagrangian
submanifold has a non-zero first Betti number, and hence a classical deformation space.
It is of interest to ask whether this moduli space is lifted by quantum effects (worldsheet
instantons). We cannot at the moment answer this question from A-model considerations.
However, if our mirror proposal is correct, the B-model results indicate that this moduli
space in fact persists at the quantum level, i.e., no superpotential is generated for the
corresponding chiral field.



We then turn in section Pl to the computation of more refined invariant information,
namely the tension of BPS domainwalls, or superpotential differences, between the various
brane vacua. As explained in [P], the appropriate mathematical concept is that of a Hodge
theoretic normal function. In the B-model, it can be represented geometrically as an
integral of the holomorphic three-form over a three-chain suspended between homologically
equivalent holomorphic curves. The curves representing the brane vacua of our interest
can be determined algorithmically from the matrix factorization via the algebraic second
Chern class. The chain integral then satisfies an inhomogeneous version of the Picard-Fuchs
differential equation governing closed string mirror symmetry, with an inhomogeneous term
that can be computed explicitly from the curve and the Griffiths-Dwork algorithm. This
Abel-Jacobi type method developped in [B] is similar in spirit to the computations in local
geometries [9—[L1].

With the inhomogeneous Picard-Fuchs equation in hand, we can then compute the
fully quantum corrected domainwall tension over the entire closed string moduli space,
see section [ We will check integrality of all requisite monodromy matrices, as well as
the spectrum of tensionless domainwalls, expected from the matrix factorization consider-
ations. By expanding around large complex structure/large volume, we obtain numerical
predictions for the number of disks ending on the Lagrangians of the A-model, consistent
with Ooguri-Vafa integrality [1J].

In the final section [, we will (before concluding) briefly discuss the computation of loop
amplitudes in topological string backgrounds that include the D-branes we have studied.
These computations, the details of which we leave for the future, use the extension [[[3, [[4] of
the BCOV holomorphic anomaly equations [[[5, [[§], and yield further numerical predictions
as well as additional consistency checks. Again, the most interesting example is X (&),
where the disconnected fixed point set (as orientifold plane) allows for a variety of tadpole
cancelling D-brane configurations.

2. D-brane configurations

The Fermat polynomial defining the A-model

Z:Eth =0, (2.1)

where h; := k/v;, is invariant under anti-holomorphic involutions acting as

2miv; . . . .
where ¢; = e % are phases with v; the weights of the ambient weighted P* > X*)_ The
M, are integer, but the sets (M;) and (M; + v;) define the same involution by projective

identification. The fixed-point loci, Lg%, of the involutions (P.9) are special Lagrangian
M; /2

submanifolds of X*) and can be parameterized explicitly by z; = o;

y;, with y; real.
When h; is odd, two involutions differing only in M; are equivalent (though not identical)

under the global symmetry group Zj,, hence the corresponding Lg\f}] are isomorphic. When



h; is even, we have to distinguish whether M; is even or odd, which yields a sign in the
equation determining the real locus,

5

S (=nMiyli=0. (2.3)

i=1
Again, for h; odd, M; is equivalent to M; + 1 by changing y; — —;.
2.1 X© and X in the A-model

When at least one h; is odd, say hs, we can solve (.3) uniquely over the reals for ys, and

identify
L®) = (1. .ya) # 0,0,0,0)} /R* = RP? . (2.4)
Thus,
(6) ~ mpm3 (10) ~ w3
Liyy ©RP5, L) ~RP?. (2.5)

for all M. The vacuum structure of a D-brane wrapped on LEJ?/)U or LE}V?]) (think of a
D6 or D4-brane in type ITA) is therefore very similar to the quintic . In detail, since
H1(RP3,7Z) = Zs, there is a discrete choice of Wilson line on the D-brane wrapping the RP3
such that the worldvolume gauge theory will have two vacua, which we will parameterize by
the discrete modulus ¢ = +1. A BPS domainwall separating the two vacua can be obtained
by wrapping a (D4 or D2-) brane on a holomorphic disk in X (%) with boundary on the non-
trivial one-cycle in RP? and with the remaining dimensions located in space-time [f[]. The
corresponding domainwall tension, which we will denote by 74, is the basic holomorphic
observable associated with the D-brane configuration. At large volume, 74 clearly scales
as 7y ~ t, where t is the Kahler modulus. There are then quantum corrections to 74 due
to worldsheet (disk) instantons. Monodromy considerations around Im (¢) — +oo identical

to those on the quintic (which we will review momentarily) lead us to expect an expansion!

b (11 A
TA—2+<4+2W2d§O;dndq ) (2.6)

where ¢ = exp(2mit) and n4 are the open Gromov-Witten invariants counting holomorphic
maps from the disk to X*) with boundary on ng}.

The reasoning that leads to the classical terms ¢/2 + 1/4 in (.§) takes into account
that the corresponding domainwall not only changes the vacuum on the brane (o = +1),
but also the value of the Ramond-Ramond four and six form flux, N4 and Ng, through the

corresponding cycles of the Calabi-Yau manifold. We have [[I]

Ta = Wini1.Nei4) ~ WivaNoie) = = Vi Noim) = Winiave)] - (2.7)

The second equality follows from the fact that the domainwall mediating between N4 and
N4 + 1 has tension equal to t. The large volume monodromy t — ¢ + 1 acts on the vacua

!The basic fact is the exact sequence Ho(X;Z) — Ha(X,L;7Z) — Hi(L;Z) in which the generator of
Ho (X, L;Z) 2 7 is mapped to the non-trivial class in H1(L;Z) = H*(L;Z) & Zs.



as follows

(N4, Ng;+) — (N4, N + Ny; —),,

2.8
(Ng, Ng;—) — (Ng + 1, Ng + Ny; +) . 28)

It is not hard to see that (P.) is the only form consistent with these constraints. We
emphasize that the monodromy (B.§) as well as the “one-loop” correction % in (.§) have
not yet been derived from first principles, i.e. couplings of D-branes to Ramond-Ramond

flux.

2.2 X® in the A-model

(k)
. . : : [M]
cannot be determined straightforwardly by the previous argument, and in fact strongly

When all h; are even, as happens in our examples for X®), the topological type of L

depends on M. The problem was studied in a different context in [[7. It is not hard to
see that in the present case we have the following types

Lioooo0 =} +v5+ys+yi+y2 =020,

Liooo1 = {48 + 45 + 5 + 4§ — 2 = 0} 2 RP* URP?,

Lioooio ={u +y5+y5—yi+y2 =025, (2.9)
Lipoo1 = {8 + 95+ 15 — o —y2 =0} 2 (5" x §%)/Z,,

Liooi10 = {ut +v5 —v5 — vl +y2 =0} = (S x §%)/Z5 .

The distinction between the last two lines is in the action of Zs on S* x S2. For [M] =
[0,0,0,1,1], it acts by an anti-podal map on S?, and as inversion of S'. The Lagrangian
L = L ,0,1,1) in this case can be thought of as an St bundle over RP?, with Hy(L;Z) =
Zx Lo, and Hy(X, L;Z) = Z X Z. For [M] = [0,0,1, 1, 0], the residual Z, acts by a half-shift
on the S! and by inversion of the longitudinal direction on S2. The Lagrangian in this case
is an S? bundle over RP! 2 S, with Hy(L;Z) = Z and Ho(X,L;Z) = Z x Z.

In both cases, the Lagrangian contains a real one-cycle, namely the first Betti number
bi(L) = 1. As is well-known, this means that the N' = 1 worldvolume theory contains a
chiral multiplet whose vev measures displacement of the Lagrangian away from its orig-
inal position at the fixed point locus, as well as the continuous Wilson line around the
corresponding one-cycle. As is equally well-known, this chiral multiplet is massless in the
large volume limit, but can gain a mass by worldsheet disk instantons [[§] (i.e., it could be
an obstructed deformation in the mathematical langage, [[9)) with boundary in the corre-
sponding one-cycle. Using mirror symmetry, we can study the corresponding deformation
problem using classical methods. Preliminary computations on the objects mirror to the
above Lagrangians (see below) indicate that their modulus in fact remains massless even
away from large volume [R(]. It would be interesting to find evidence for this vanishing of
worldsheet instanton contribution directly in the A-model.

Another interesting case is the second line in (R.9), Lioo,0,01 = RP? U RP3. Here,
H\(L;Z) = Za X Zs, and Ho(X,L;Z) = Z x Zy. Thus, the fixed point locus actually
consists of two components that can be wrapped independently. As we will see below, the



Figure 1: Illustration of the vacua of the worldvolume gauge theory of a D6-brane on a) LE%

and LS%), b) on LE(?)O 0,0,1]° c) Ilustration of the 4-chain ¥ separating the two RP? components of
(8)
L[0,070,071]'

two components are actually homologous to each other, so that the worldvolume theory
of a D-brane in this class has four vacua, labelled by the RP? component it is wrapped
on, and the choice of discrete Wilson line on the corresponding RP3. We will denote these
moduli by (&, 0), with £,0 = £1.

We illustrate the corresponding domainwalls in figure fl. First, we have the domainwall
interpolating between the different Wilson lines on a fixed Lagrangian. For symmetry
reasons, the tension does not depend which RP? component we are talking about, and will
be identical in structure to that on the quintic, X and X0 gee (2-§). In addition, we
have the possibility of interpolating between the two RP?’s. This is realized geometrically
as a D-brane partially wrapped on an appropriate four-chain, as illustrated in figure flc,
with remaining directions extended in space-time. On dimensional grounds, the tension
of this domainwall must scale as t> as t — 40c0. In fact, one may see that by complex
conjugation, we can complete the four-chain to a four-cycle, where a D6-brane wrapped on
this four-cycle changes the two-form flux N9 by one unit. The tension of this domainwall,
I14, is nothing but the (quantum corrected) closed string period of the four-cycle. From
closed string mirror symmetry [, fl], we know that I, has at large volume an expansion
of the form

t2 1 ~ g

where F is the genus zero prepotential. Here Ny are the closed string Gromov-Witten
invariants, k is the classical triple intersection, and b is related to the second Chern class of
the Calabi-Yau. The number « is slightly ambiguous, but can be constrained by requiring
integrality of monodromy or by related considerations of D-brane charge quantization. For
X®) we use the values [

k=2, a= -3, b=—. (2.11)
Thus, under large volume monodromy t — ¢t + 1,

Iy — My +adt+0, (2.12)



where ¢/ = —k = —2 and V/ = a — 5 = —4. We can now repeat the same steps that led

to (R.6), taking into account also the 2-form flux. We find that the only way to obtain a
consistent solution to the monodromy constraints is that ¢ — ¢ + 1 acts on the vacua by

(N3, Ny, Ng; —,+) — (N2, Ny + a’Nay Ng + Ny + V' No; —, —)
(N2, Ny, Ng; —, —) — (Nay Ny + a’No + 1, Ng + Ny + b'No; —, +) ,

! bl
No, Ni, Ngi+,+) — | No, Ny + ' Ny + = N + Ny + Ny + =+, — | , (2.13)
2 2

/ b
(NQ,N4,N6; -+, —) — <N2,N4 + a/Ng + % +1,Ng + Ny + b/NQ + 5; =+, +> s

and that with

Ty = W(N27N4+17N655:+) - W(N27N47N6§§7_)
=t- (W(N27N47N6§§7_) - W(N27N47N6§§7+)) ) (2.14)
TA = W(No+1,N4,Nei—,0) = W(No, N, Noi+,0)

=1l — (W(N27N47N65+70') - W(N27N47N65—70')) ’
we must have an expansion of the form (R.4) for 74 and

~ I

Ta=4, (2.15)
with no further corrections. Note that the existence of a solution, and in particular the
integrality of the monodromy of 74 depends on the fact that a’ and o’ are even integers. In
section [, we will check that the monodromies around the other singular points in moduli

space are also integral.

2.3 Comparison with B-model

At the Fermat point ¢ = 0, the polynomials in ([l.9), viewed as Landau-Ginzburg poten-
tials, W = W®) admit the following set of matrix factorizations

1, L
Q=Y = (alim; + 2li~lig;) (2.16)
=1

S

where {n;,7;} = 0;; are matrices representing a Clifford algebra, and 0 < [; < h; are a set
of integer parameters. Namely,

Q) ="l /hi=Wly_o . (2.17)

The factorizations in (2.1§) provide the Landau-Ginzburg description of the so-called Cardy
or Recknagel-Schomerus boundary states [RI]] of the associated Gepner model. More pre-
cisely, we are interested in B-branes in the mirror model, which involves an orbifold of ([L.9)
by the Greene-Plesser orbifold group G = Ker (H Ly, — Zk). This means that we have to
equip the linear space underlying ) with an action of G such that Q is equivariant with
respect to the action of G on the z;.



As shown in [f], the boundary states/matrix factorizations that provide the Landau-
Ginzburg description of the real slices of the A-model hypersurfaces arise from the labels
l; = h;/2 for i = 1,...,5. We will momentarily describe this correspondence. But before
that, we ought to note that the factorizations (R.16) in which I; = h;/2 for all i with odd
v; (= k/h;) are reducible. This is because

A= H (i — 1) , (2.18)

i,v; odd

is a non-trivial degree zero element of the cohomology of @, of square A% ~ id. As first
discussed in the Gepner model context in [RZ, R3], we can then split @ into the eigenspaces
of A, as in

Q* = PTQpP*, (2.19)

where P+ ~ %. We will denote the elementary matrix factorization, equipped with the
corresponding representation of @, by

Q- (2.20)

where [m] € (G)* = ([1Zn,)/Zy, and ¢ = £1 is the eigenvalue of A.

(k)
(M]

face with respect to the involution (E), is represented, at the level of topological charges,

The correspondence derived in [f] is that the real slice Ly of an even-degree hypersur-

by the following linear combination of tensor product states:

(@] = %[Q[mfﬂ : (2.21)

N =

(L] =

Here m* = (mf, . ,m?f), and the mljE are related to the M; as follows: For M; even,

mi = m; = M;/2, and for M; odd, m¥ = (m; + 1)/2. The [; labels (cf., (P-10)) are
determined as follows: For h; even, l; = h;/2. For h; odd, and M; even, l; = (h; —1)/2 in
the first summand, and I; = (h; + 1)/2 in the second summand. For h; odd, and M; odd,
l; = (h; +1)/2 in the first summand, and l; = (h; — 1)/2 in the second summand.

The relation (R.2]) was obtained in by comparing, via the gauged linear sigma
model, the topological charges of orientifold planes associated with A-type parity and
complex conjugation (2.9) in large volume and in the Landau-Ginzburg phase. Our goal in
this paper is however to obtain more refined information than just the topological charges,
for which we need to lift (R.21]) (at least) to the holomorphic sector. We have no principled
way of doing this at the moment, however in certain cases we can make a plausible proposal
based on the following set of observations.?

At large volume, the fixed point set of the anti-holomorphic involution is a special La-
grangian submanifold, i.e., it is conformally invariant (in one-loop sigma-model expansion)
and preserves space-time supersymmetry, in addition to preserving A-type worldsheet su-

persymmetry. An equivalent statement should hold at the Landau-Ginzburg point, since

2For odd degree hypersurfaces, such as the quintic, we have only one term on the r.h.s. of ) The
lift to the holomorphic sector is then more natural, and supported by a lot of evidence.



to get there we only need to vary the Kahler moduli. In general, the (N = 1) spacetime
supersymmetry preserved by an equivariant matrix factorization Q[ can be measured by
the phase of the (N = 2) central charge, which (for fixed [;) varies ZZ 1 7k Tt is not
hard to see that in most cases, the two summands in (R.21) in general preserve different
supersymmetry. This means that the supersymmetric D-brane corresponding to the real
hypersurface must in general be some bound state of the above components.

Let us illustrate this for the real slices of X(®. Evaluating (B2T) (and taking into
account that the irreducible factorizations from (2.20) have the same topological charges)

gives (cf., (B9),

Langrangian topology matrix factorizations
L10,0,0,0,0] 0 [Q[J(r),o,o,o,()]] - [Q[J(S,O,O,O,O}] =0
L10,0,00,1] RP® U RP [Q[070,070,0]] - [Q[J(S,o,o,o,oﬂ + [Q[B,o,o,o,()]] (2.22)
L S [Q.0000] — (@100 '
[0,0,0,1,0] [0,0,0,0,0] [0,1,0,0,0]
1 2
Lipo1 | (8™ x8%)/Zs @ 00000]] [Q[O,l,ooo]
Li0,0,1,1,0 (St x §?)/Z, [Q ooooo]] [Q[o,l,l,oo]

The first two lines are very obvious cases: Ljg 0,0 i empty, with vanishing boundary
state. Ljg0,0,0,1] geometrically splits into two RP3 components, which we might tentatively
identify with Q[o 0,0,0,0] and @, 10,0,0,0,0 (The correct dictionary must ultimately include
the Wilson line degree of freedom and is somewhat different, see eq. (f.33).) We propose
that this identification holds at the holomorphic level, and probably also at the level of
superconformal boundary states.

The situation for the other real slices (including those of X(® and X(19)) is less clear
cut. As mentioned above, the Lagrangians can at best correspond to a bound state of the
two components in (R.21), and at worst might not be continuously connected to the split
form of (R.29). Nevertheless, our present observations and the calculations in the following
sections suggest that the correspondence (R.22) can indeed be lifted to the holomorphic
level.

To study this additional evidence, we need to present the deformation theory of the ma-
trix factorizations @ of (R.16) with I; = [h;/2] as we vary the complex structure parameter
away from 1) = 0. This is a rather straightforward exercise.

For Y we find that Q deforms in a unique way (up to gauge transformation), given
explicitly by

V) = Z % (zdm; + 2im;) + % (z5m5 + 22775) — V3hw120732475 - (2.23)

This deformation commutes with A from (R.1§). Therefore, by splitting as in (2.20]), we

obtain two families Q¢(¢)) (with ¢ = +1) of matrix factorizations. We expect that the RP3

special Lagrangians should correspond to an appropriate bound state of those with different

[m] label, but identical (-label. The latter should correspond to the discrete Wilson line
on RP3. Hence, we identify

o=¢(. (2.24)



For Y®) we find two inequivalent ways of deforming the factorization away from 1) = 0.
We will denote those matrix factorizations as Q(1, 1), where the additional label p = +1:

Q(Y,+) = Z %(ﬁm + @) + % ((zsm5 + x575) — V20m1 20232475 , 025)
QY,—) = Z %(ﬁm + i) + % ((zsm5 + x575) — V20w 20232475 -

Again, the deformation commutes with A. For Ljg,,1], this means that we obtain in
total four families of matrix factorizations, naturally organized in two sets of two. Namely,
we mind to the labels (u, (), where ( is the eigenvalue of A, and u distinguishes the two
lines in (R.25). We propose that those correspond to the four vacua that we identified
in subsection P.3 above. We emphasize at this stage that we still allow for a non-trivial
transformation between the discrete A-model labels (£, 0) and the B-model labels (u, ().
We will determine this transformation after analytic continuation of domainwall tensions
in section [

For Ly o01,1) = (S X 5?)/Zs, we propose to identify the o = %1 label from (2.29)
with the two vacua associated with the discrete Zy factor in Hy(Ljg0,1,1]) = Z X Z2 (see
paragraph below (R.9)). (The free factor in Hy(L) (for L = Ly g01,1] and Ljg1.1,0]) i
associated at large volume with a continuous modulus, displacing the Lagrangian away
from the fixed locus of the anti-holomorphic involution. As mentioned above, there are
indications [R0] that this open string modulus is in fact unobstructed, so should decouple
from the superpotential computations.)

As on the quintic [ll, 4], the two-fold way of deforming away from ¢ = 0 is accom-
pagnied by the appearance, at ¥ = 0, of an additional massless field in the open string
spectrum. Also, the tension of the domainwall between the (+,() and the (—, () vacua
should vanish at ¢ = 0. This will be our way to complete the identification of the four
vacua in A- and B-model.

Finally, for Y19 the situation is somewhat in between that of Y(®) and that of Y®).
The main difference to Y is that the tensor product factorization has an infinitesimal
modulus (degree 1 cohomology element) ¥, the main difference to Y®) is that ¥ satisfies
{A, ¥} = 0 instead of [4, ¥] = 0, where A is from (R.1§). Without delving into details, the
consequence is that the factorizations Q* from (R:2() deform in a unique way, which can
be obtained by splitting the deformed factorization

1 1 1
QW) = Z 710 (z2mi + $?ﬁi)+ﬁ (zam4 + z4Ta) + NG (z2n5 + 2375)

Y _ | _
_ ﬁxlmazg(m + 7g) x5 — ?\/gx%xgazgng, , (2.26)
in eigenspaces of A. Again, we identify the eigenvalue of A with the discrete Wilson line
on RP3 = LS\%), as in (2.24)

Since the factorizations on Y (®) and Y19 deform in a unique way, there is no additional
massless open string, and we expect no tensionless domainwall at ¢y = 0. We will confirm

this in section .

— 10 —



Before closing this section, we note another property (valid for all three k’s) of the
factorizations around the Fermat point ¢ = 0. This is a special point in moduli space in
which the hypersurfaces Y (%) gain an additional Z; automorphism multiplying one of the
weight-one variables by a phase. Put differently, the monodromy around the Gepner point

—2mi/ky. At the level of matrix factor-

¢ — €2™/k4) can be undone by rotating z; — e
izations, this monodromy has to be accompagnied by conjugating () with a representation
of the Zj;, symmetry group of the corresponding minimal model x’f It is not hard to see
that the matrix A from (R.1§) picks a sign under this symmetry. Thus, we conclude that
monodromy around the Gepner point exchanges the vacua labelled by ( = £1.3 This is

another clue that we will pick up in our monodromy discussion in section fi.

3. Inhomogeneous Picard-Fuchs equations

We now wish to determine the non-perturbative o’ (disk instanton) corrections to the
classical approximations to the domainwall tensions (B.§), (2.14) between the various vacua
on our branes. The basic strategy is as follows.

For each A-model domainwall, we identified a (virtual linear combination of) matrix
factorization @) describing the D-brane configuration in the mirror B-model. The algebraic
second Chern class of this matrix factorization can be represented by a homologically
trivial codimension-2 algebraic cycle C' (in other words, an integral linear combination of
holomorphic curves)

¢2(Q) = [C] € CHZ,, (V). (3.1)

which we will explicitly compute from the matrix factorization. There then exists a three-
chain T' of boundary C, well-defined up to closed three-cycle I' € H3(Y';Z). The domain-
wall tension is computed by the integral over I'

Ti(z) = /F O(2), (3.2)

where Q(z) is the appropriately normalized holomorphic three-form of the B-model geom-
etry (see below).
Explicitly, we will have relations of the form

Tp(2(t))/mo(2(t)) = Ta(t), (3.3)

where the mirror map consists of the relation z = z(¢) between A- and B-model vari-
ables, and the normalization of the holomorphic three-form Q(z) — Q(2)/wg(2). As is
well-known, this data can be obtained by solving the homogenous Picard-Fuchs equation
satisfied by the B-model periods. The Picard-Fuchs operators of our three models are:

£ =0 —2135(1/6 + 0)(1/3 + 0)(2/3 + 0)(5/6 + 6) ,
LB =% —2162(1/84+0)(3/8+0)(5/8 4 6)(7/8+0), (3.4)
£09 .= g% — 55982(1/10 + 6)(3/10 + 6)(7/10 + 6)(9/10 + 6) ,

3To complete this, note that for y®), Gepner monodromy does not affect the p-label, as can also be

seen from (R.25).
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with = 20,, and z ~ ™%, Namely, wp(z) is the unique solution with power series

behavior at z = 0, and if w; (z) ~ wo(z) log(z) is the solution with a single logarithm, we
have )
w1z

t(z) = . 3.5

(=225 (35)

To calculate the chain integral in (B.d), we exploit that it satisfies an inhomogeneous

version of the Picard-Fuchs equation,

W, _
LTy = oz (3.6)

The central part of our computation is the determination of the parameters ¢(¥) for each
of our domainwalls.

3.1 From matrix factorizations to curves

Given the matrix factorizations, we obtain the curves representing the algebraic second
Chern classes by the algorithm described in [f] for the quintic. This can be viewed as
an application of the homological Calabi-Yau/Landau-Ginzburg correspondence [Y,
together with elementary methods for the computation of Chern classes. The only point
on which we will be slightly less rigorous than in [f]] is that we will perform our computation
as if we were pretending to be working on the hypersurfaces ([l.9) in weighted projective
space, without orbifold. In actuality, however, everything is taking place on the B-model
side, i.e., the underlying manifolds are indeed Y *)| after quotienting by G = G /L.

After some algebra, we find that the relevant part of the second Chern classes of the
matrix factorizations from eqs. (£.23), (£.23), (2-26) can be represented with the following
set of curves.

kE=6: C’é6) = {21+ (%) 2y = 0,25 + Oy = 0,22 — 3¢z zow324 = 0} (3.7)
k=8: ¥ = {{$1+(04(8))<$2 = 0,23 +a®zy = 0,25 = 0} p=+1
{02 {1+ (@®) gy = 0,25 + a®zy = 0,25 — 20z 202324 =0} = —1

(3.8)

k=10: Célo) = {z1+ (1) = 0,25 + (a(lo))S\/g(x5 — Yrmomgzy) =0, (3.9)
213 — 5p?atadad = 0} .

(3.10)

Let us explain our notation and the precise meaning of those equations. First of all,
a®) are phases which fulfill (a(¥))* = —1. One then easily checks that the curves actually
lie on the corresponding hypersurface, i.e., W®*) = 0 identically whenever a group of three
equations from (B.7) are satisfied. The subscript ¢ comes from the eigenvalue of A used to
split the reducible @ from (R.16) in two components (for the geometric meaning of ¢, see
two paragraphs below). Since the second Chern class does not depend on the representation
of G, we have omitted the [m] label.

Next, we notice that the curves in (B.7) are not invariant under the orbifold group G.
Instead, G maps each curve to a similar one with different choices of k-th roots of —1 in
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k | Ggx generator

Ze | (v, v h7h1)
8 Z4 (77777_177_171)
10 ZIO (7777787171)

(@)

Table 1: The curves from (@) are invariant under certain subgroup of the orbifold group G. For
each k, v = vy, = exp(27i/k).

k Y (k) Ord(G™)) NZ o)

6 | 6743 3.6 26733 3t

8 2—12¢—6 9. 82 2—8 237T_4¢_2
10 10—4¢—8 102 2—45—5/21/}—5 4. 51/27T—4w—3

Table 2: Parameters used in the main text for the hypersurfaces under consideration.

the corresponding equation, and the second Chern class should be thought of as this orbit
of curves in Y(*). However, note that in each case, a certain subgroup Ggx C G does leave
the curve invariant. This will lead to an additional normalization factor in our calculations
in the next subsection. We identify the respective subgroups in table [I]

To explain the geometric role of the parameter ( = 41 in (B.7), we consider the
case k = 6 (the discussion on the other two models is the same). The set of curves
{z1+axy = 0,23+ fxy =0, 3:% —3yxix9w324 = 0}, where « and 3 are arbitrary 6-th roots
of —1 all lie on X(®. Those curves organize into two distinct orbits under the action of G(¥),
precisely distinguished by ¢ = #1. It is clear that the Gepner monodromy ) — €27k},

—2mi/k

T — € x1 exchanges those two orbits, { — —(, just as we had noted it at the end of

the previous section.

3.2 From curves to Picard-Fuchs

We derive the inhomogeneous Picard-Fuchs equation, i.e., the constants ¢*) in (B.) by
using the Griffiths-Dwork method. We give the details of the computation in the appendix,
and only summarize the salient steps here.

The normalization of the holomorphic three-form for which we will quote the ¢ is
given by
Ord(G™))

1= (2ri)3

1IN (3.11)
where (2 is the standard residue from projective space (see below (A.3)) and the Ord(G*))
are the orders of the groups yielding the mirror manifold. We list those together with some
other normalization data in table . The choice (B.11)) is the normalization in which the
regular integral period wy(z) has a unit constant term, wg(z) = 1+ O(z).

The implementation of the Griffiths-Dwork algorithm however is easier in a slightly
different normalization of the holomorphic three-form, in which the homogeneous Picard-

Fuchs operator takes the form £*) given in equations (A7), (A3() and (A.49). They are
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related to the Picard-Fuchs operators £*) given in equation (B4) by the relation
rk) — _T(k)ﬁ(k)l (3.12)
’IIZ} )

where the T*) are given in table [

Putting the normalization together, the statement that 7z given in (B.3) (for a cer-
tain choice of curves and three-chain, explained momentarily) satisfies the inhomogeneous
Picard-Fuchs equation given in (B.6)) translates to the identity

-\4
(k) 5 (@m)
‘ /E(F)Q T o VE (3.13)

where Q is defined in ([&.J) and where we have used (A-4). If the functional form oc /% is
correct, the ¢®) are the only unknown parameters, and the claim reduces to determine the
constants ¢*) in (B.13). That is, we can solve for ¢*):

o8 — k) (k) / Q, (3.14)
(")

where the p¥) are given in table 28
In (B.13), T7.(T') is a small tube around a three-chain suspended between the appropriate
combination of curves. We are interested in the following B-model integrals (the curves

are defined in (B.7)):

k | domainwall tension curve combination

6 Ts c —c©

8 T i, -cl (3.15)
8 7 -

10 Ts c{ — cto

For k = 8, we make the choice to denote by 7p the domainwall tension that vanishes at
1 = 0, which completely specifies the 3-chain between the respective curves. All other
domainwall tensions are only define modulo integral periods for the moment.

There are in principle two types of contributions to LK) fTe(F) Q, depending on whether

L*) acts on the holomorphic three-form, or on the (tube over the) three-chain. As on the
quintic, it turns out that the latter contribution always vanishes (see appendix). Thus, we

/ LFQ = 3k (3.16)
«() T.(0r)

where 3*) are the exact parts of the inhomogeneous Picard-Fuchs equations given in equa-
tions (A.), (A-31) and (A50). Thus the crucial integrals are those of 5*) over the tubes

around the curves C’ék) for k € {6,10} and C’g? for k = 8.
The main property of the curves that allows the evaluation of these integrals is their
8)
w

just need to evaluate

planarity. Namely, as on the quintic, the curves C’ék) and C’é are components of the
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intersection of the hypersurface with an appropriately chosen plane P®) Except for a
small neighborhood of the intersection of the components of P& Ny *®) the tube around
the curves can be laid into the plane, where the meromorphic three-form ﬁ(k) vanishes
trivially. We give the remaining details of this calculation in the appendix. The results are
the following:

k=6: / B3O =¢ 20 , (3.17)
Te(cé(j)) 3
k=8: / B®) = ¢p 3r2y2, (3.18)
T.(C))
k=10: / B0 = ¢ E\/Bﬁz)?’. (3.19)
T.(Cc8?) 5

Referring to (B.14) and (B.1J), this translates to the following values for the constants
c®) for each of our domainwalls:

k | domainwall c()

6 Ts 2

8 s 2 (3.20)
8 Ts 0

10 T 1

We now proceed to the explicit solution of the inhomogeneous Picard-Fuchs equation (B.4).

4. Analytic continuation

As on the quintic [[ll], it turns out that the constant ¢®) that we computed in the previous
section can almost uniquely be recovered by assuming an inhomogeneous term ~ /z and
requiring integrality of monodromy around the various special points in moduli space. We
will follow this route here, and connect to the previous discussion at the end. We denote by
7(#)(2) the solution of the corresponding fifth order operator (26 — 1)£*) with squareroot
behaviour at z = 0. Note that for simplicity, we will sometimes drop the *) indices in the
following, which quantity carries a *) index should be clear from the context.

4.1 Solutions

The solutions of the Picard-Fuchs equations of our hypersurfaces around z = 0 can by
obtained by the Frobenius method from the following hypergeometric generating function

> I'(k H)+1
b (z H) = 7 2 tH — (b(m+H)+1) (4.1)
= [Toi T(vi(m+ H) +1)
Namely, one checks that by expanding ([-]) in powers of H,
3 .
W (z; H) = 3" ) (2) mod HY, (4.2)
§=0
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the Hg;) (2) satisfy E(k)Hg;)

inhomogeneous equation can be obtained by setting H = 1/2 in (fL.1))

(z) = 0. Quite remarkably, the additional solution of our

70 (z) = 11® (2;1/2) . (4.3)
It satisfies
&(k)
LOr0(z) = Sz, (4.4)

where

oy T(k/2+1)
[1T (/2 + 1)
The radius of convergence of the series ([.J) is, as for the closed string periods, given
by |z| < R. = [[v/"/k*. To analytically continue 7(*)(2) to the rest of the moduli space,

(4.5)

in particular the Gepner point 1/z = 0, we utilize the familiar integral representation

A0y = /F(% —)PG (ks +1) ey s

" 2mi [T (vis + 1) ’

(4.6)

where the integration contour runs straight up the imaginary axis. For |z| < R,, we close
the contour on the positive real axis, pick up the poles at s = m + % for m = 0,1,...,
and recover (f.J). For |z] > R*, we close on the negative real axis, where we find poles
of I'-functions in the numerator at s = —m — % and at s = —7 for m = 1,2,.... When
k is even, the second actually encompass the former. In that case, however, we also have
exactly one even weight (v5 in our notation) so that there is also a pole in the denominator,
and the total pole at s = —m — % is first order. To make progress, we separate the terms
with half-integer power of z from the terms with powers on the list of exponents of the

homogeneous equation,

B ) =B ) + 1Pz, (4.7)
where
(k) o~ Vs L | I(vsm + %) —m—1
mno(z) =) —Z(-1)277 ERE N
V=2, Fm T L, o T — i = 1) .
eiw(m—%—%) 1 .

—m/k
cost  T(m)[IT(1—%m) '
In the sum for T2(k), we have to exclude those m for which m/k is a half integer, since we
have already attributed these terms to Tl(k). On the other hand, all other terms for which
v;m/k is integer can be trivially included.

Our next task is to express T2(k) in terms of the solutions of the homogeneous equation.
We use the set of solutions of [,
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for j =0,...,k — 1. Comparing (f.§) with ([L.9), we find that

(2 =Y ajoy(2), (4.10)

provided the a; satisfy the equations
m k—1 _
—i tanﬂ? = Zaje%”m/k ) (4.11)
j=0

for m —0,1,...,k — 1, and where the Lh.s. is set to 0 for m = k/2. Of course, the a; are
not uniquely determined by ([.10), because the w;(z) satisfy some linear relations owing
to the poles in the denominator of (f.9). Following [f, H], we will use the “period vector
at the Gepner point”

w(k) = (w27 w1, Wo, wk‘—l) ) (412)

and write
7_2(16) — g . o) (4.13)

We have the following results for the vectors a*) and a(*).

L ) FI)

6 1(0,-2,1,0,-1,2) 1(2,-2,1,2)
8 1(0,-3,2,-1,0,1,-2,3) (1,—1,0,1)
10 | 2(0,—4,3,-2,1,0,—1,2,-3,4) £(2,-4,1,2)

(4.14)

Also from [}, we extract the analytic continuation matrices between the Gepner basis w(*)

and the large volume basis I1*) = (ITg, I14, Iy, IIy). (This basis is almost the one from ([£3).
See [[] for precise definitions.) Namely,

%) = p*) k) (4.15)
with

0 -1 1 0 0 -1 1 0

“10 3 2 10 3 2
MO =" MO =1

3 3 3 3 2 2 2 2

00 1 0 00 1 0

D (4.16)
oo _ (011

10 0-1

0010

E, (4.17)



on the basis II*) (along the path leading to the above basis transformation). We have
Ik — ABTE with

—3-1-6 4 —3-1-4 4
q®_ |31 3 3 a®_ |21 2 2

1 0 1 —1|" 1 0 1 —1|"

10 0 1 -10 0 1

—2-1-1 3 (4.18)
qo0_ [0 1 10

1 0 1 —1|"

10 0 1

4.2 Monodromy

We now have all expressions at our disposal to discuss the analytic continuation and mon-
odromy properties of the open string periods. After the mirror map, our current ansatz

for the B-model version of the domainwall tension with large volume expansion (R.6) is*

o1

7 = e ar®, (4.19)
where d is a constant. For k = 8, the additional domainwall interpolating between the two
RP3 components of LE§7)0,070,1] has tension

—1®
Ty = % : (4.20)

By construction, 74 and ﬁ have integral large volume monodromy as ¢t — ¢ + 1. Namely,

Ty — Ilog — Ty

t t+1: —~ —~
ot Ta — T — Tl — 210, .

(4.21)

Consider now the Gepner monodromy, using ([.16) and (fL.1§). From the splitting (f.7),
we see that Tl(k) changes sign as we circle 1/z = 0 once. Since the squareroot is the hallmark
of the inhomogeneity, we see that 74 must come back to minus itself, up to a solution of
the homogeneous equation. To ensure that this solution is an integral period, we consider

the behaviour of T2(k). Combining (f.13) and ({.1§), we find

7-2(k) — —T2(k) + Hék) . (4.22)

Since for each k = 6,8, 10, the classical part of the domainwall tension transforms as

I II I
Taa=—+ =2 — =2+ 1y — Ty, (4.23)
’ 2 4 4 ’
we see that the minimal value of d that guarantees integrality is
1
d=—-. 4.24
; (1.24)

“We use A/B subscript to distinguish the large/small volume basis, and leave the mirror map (E)
implicit.
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The Gepner monodromy then acts as

Lk 2mifk 1]k . Ta =1y =T (4.25)

TA—>'Z’Z—H6+H2+HQ.

Integrality in the last line is ensured by the evenness of the appropriate entries in ({.1§).
A noteworthy consequence is the invariance of 74 under the conifold monodromy, resulting

from combination of ([.21) and ({.25).

4.3 Domainwall spectrum and final matching of vacua

The domainwall tensions ({.19), (£:20) satisfy the same inhomogeneous Picard-Fuchs equa-
tion that we had obtained in section . Namely, with é*) from () and d = —1/4
from (f.24), we find

%wk) _ b (4.26)

where ¢®) are the non-zero entries in (B:20). And ﬁ satisfies the homogeneous equation
by construction.

The fact that ’Z;(xk) comes back to minus itself (up to an integral period) in ([.29)
means that the corresponding brane vacua are exchanged under Gepner monodromy. This
is precisely what we had noted at the end of section .

Finally, we test for tensionless domainwalls at the Gepner point. Using (.13), we find

that the leading behaviour of 74 around 1/z — 0 is given by
Ta ~Vz+ 0% 11k (4.27)

where b¥) = —L(AMf®)=Ta*) + (0,0, 1, 1), explicitly,

k p(k)

6 | 2(—2,—1,-3,4) (4.28)
8 | (-1,-3,-1,2) '
10 | £(—2,-1,2,4)

Thus, for & = 6,10, the leading behaviour at 1/z = 0 is always dominated by a non-
vanishing closed string period, and we have no tensionless domainwall.® This is exactly
what we predicted in section J| under the identification (R.24), and concludes our discussion
for those two models.

We continue with k& = 8. First of all, we see from ([.2§) that by combining 74 with
’}VA, we obtain a tensionless domainwall® at the Gepner point, which is again precisely as
predicted! In section [, we had denoted this vaninishing domainwall by 75, so we identify

Tp=Ta+Ta . (4.29)

5This does not exclude the interesting possibility that there are tensionless domainwalls somewhere else
in the moduli space.

5This, as well as all remaining statements in this subsection, are understood modulo integral periods.
Those correspond to changing Ramond-Ramond flux, which is invisible on the brane. We also leave the
mirror map implicit.
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s

Figure 2: Set of vacua and basis of domainwalls at the Gepner point of X (®).

The other open string period from section B satisfies the homogeneous equation, so we have
Ts =74 . (4.30)
Now recalling the definitions (R.14) and (B.15) (and ignoring RR-flux, as we said),

Ta=Wier) = W) Ta=Wigo) = Wit » (4.31)
Ip =Wis) = Wi- 4 T = Wie) = Wi—p—¢) (4.32)

we obtain an exact match of domainwall spectrum if we identify the large volume brane
vacua (&, 0) with those at the Gepner point (u, ) according to

p=¢, (=¢o. (4.33)

More pictorially, one may compare figure [[] one page | with figure B The former shows
the collection of vacua and interpolating domainwalls at the large volume point in the A-
model, while the second illustrates the domainwall spectrum obtained in the B-model at
the Gepner point.

5. Discussion and conclusions

In this paper, we have accumulated evidence for a mirror symmetry identification between
A-branes defined as the real slices of one-parameter hypersurfaces in weighted projective
space and B-branes defined via certain matrix factorizations of the Landau-Ginzburg su-
perpotential. We have made this identification at the level of the holomorphic data, namely
the structure of N' = 1 supersymmetric vacua on the D-brane worldvolume and the tension
of BPS domainwalls between them.

The basic structure is similar to the real quintic studied in [}, . All models have
in common that they possess real Lagrangians with Hy(L,Z) = Zy. This discrete datum
corresponds to a choice of discrete Wilson line. Using mirror symmetry, or just based on
considerations of monodromy, one can show that the domainwall tension separating those
vacua is captured by an inhomogeneous Picard-Fuchs equation with inhomogeneous term

/2.

~ z It is tempting to speculate that this specific type of inhomogeneous extension
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will generally describe the domainwall separating the two possible vacua of a D-brane on
Lagrangians with Hy(L,Z) = Zs.

On a technical level, the key quantity to compute is the exact constant of proportion-
ality of the inhomogeneous term in the Picard-Fuchs equation. We have determined these
constants via two orthogonal approaches, namely consistency of monodromies and explicit
computations of Abel-Jacobi type, resulting from the B-model matrix factorizations.

The k£ = 8 hypersurface differs slightly from the other models by the fact that the
real Lagrangian of interest possesses two disconnected, but homologically equivalent com-
ponents, and Hi(L,Z) = Zs X Zy. Hence, this geometry has in addition a second discrete
open string modulus corresponding to the component the D-brane is wrapped on, as well
as a second domainwall, which is formed by a D-brane on the 4-chain separating the two
components. The tension of this domainwall is simply a fractional (quantum corrected)
closed string period. While this picture is suitable at the large volume point, we made the
observation that continuation to the Gepner point induces a “mixing” of these (from a large
volume point of view) different moduli. This is another manifestation of the break down
of classical geometric concepts in the quantum regime, and perhaps the most interesting
lesson of our computations. We conclude with some further consequences.

5.1 Disk instanton numbers

To extract the Ooguri-Vafa invariants [[J] from the Gromov-Witten expansion of the do-
mainwall tension, (2.4), we recall that the familiar 1//3-multicover formula is replaced in the
open string context by 1/12. In terms of the quantum part of the domainwall tension (@),
the expansion takes the form

(0,real)

m 71(2(q)) Ng dl
- \EE)) Zd_ dij2
= qe . (5.1)
The resulting integers ng)’real) (see table fJ for some examples) are BPS-invariants in the

string/M-theory setup of [1J]. Mathematically, they are predicted to be enumerative in-
variants counting real rational curves in X ®*),

It is interesting to note that Ooguri-Vafa integrality also holds for the second domain-
wall that appears for X(® see (15). Since 7~'A = I1,/2, where Iy ~ OF, this integrality
can be deduced from the integrality of ordinary closed string instanton numbers (obtained
from prepotential F with 1/12 multi-cover formula). Note however that this is not a totally
trivial check because of the relative factors of 2 between open and closed string expansion.

In the absence of direct A-model computations of Gromov-Witten or Ooguri-Vafa
invariants, further checks on the enumerative predictions of table | can be derived from
the computation of loop amplitudes in the topological string.

5.2 One-loop test

As explained in [@, ], the domainwall tensions that we obtained as solutions of the
inhomogeneous Picard-Fuchs equation in the previous sections constitute tree-level data for
the computation of topological string amplitudes on the appropriate Calabi-Yau orientifold
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ng | disk instanton numbers for Lg\j/)[] ng | disk instanton numbers for LS}O’O’O’I]
1 24 1 48
3 5880 3 65616
5 14328480 5 919252560
7 48938353176 7 17535541876944
9 204639347338560 9 410874634758297216
11 965022386745454392 11 10854343378339853472336
ng | disk instanton numbers for LEJI\/([]})
1 128
3 2886528
5 465626856320
7 112339926393132928
9 33254907472965538667520
11 | 11110159357336987759939410816

Table 3: Low degree BPS invariants nglo’real) for the three models X(©) X®) and X (10,

models. Technically, we have an extension of ordinary special geometry to the open string
sector, characterized infinitesimally by the two-point function on the disk, A. This is related
to the tree-level domainwall 7 as A ~ D?7T — CDT, where C is the closed string Yukawa
coupling (i.e., the infinitesimal invariant of the closed topological string), and D is the
covariant derivative on moduli space. Under certain additional conditions (no contribution
from open string moduli, tadpole cancellation, further discussed in [P7]), the amplitudes for
higher worldsheet topology are then recursively constrained by the extended holomorphic
anomaly equation of [1J], which is a generalization of the BCOV equations [Iff]. The main
obstacle to carrying out this program is the holomorphic ambiguity, which at present is
not very well understood in the open/unoriented sector.

For the one-loop amplitudes however, we have a complete proposal ], generalizing
the result of [[[§]. We can therefore just plug in the tree-level data into this formula, and
extract [[2, Pg, [[4] one-loop BPS invariants for our three one-parameter hypersurfaces.
One of the checks alluded to above is the following equality of tree-level and one-loop
enumerative invariants on X (0):

k=6:  n\0r = pltrea) —og (5.2)

We view this as the real version of the coincidence of the complex enumerative invariants

(see, e.g., 9))
k=6: n\¥=nl) =7884, (5.3)

which arises from the relation between the corresponding intersection problems. The equal-
ity (5.9) gives evidence that this relation persists in the real version of the problem. Another
check is the necessary equality of complex and real enumerative invariants modulo 2, i.e.,

k=16,810:  n@" =59 mod 2, (5.4)
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holds for all three models, all d, and g = 0, 1.

Another interesting aspect of the loop computations derives from the disconnectedness
of the real slice of X®). As observed in [14], it appears that in order to obtain a satis-
factory BPS interpretation for open topological string amplitudes on compact Calabi-Yau
manifold, one has to consider an orientifold model and choose a D-brane configuration that
cancels the tadpoles. In our models, we naturally choose the orientifold action that we used
to define the D-branes, and put exactly one D-brane on top of the orientifold plane. For
k = 8, however, the orientifold plane is disconnected, and there are more tadpole cancelling
D-brane configurations (ten, using just the branes we discussed). In other words, the topo-
logical string amplitudes are a function of four discrete moduli (&1, 01, &2, 02), in addition
to the closed string modulus ¢. We have computed this function at one-loop and found an
integral BPS expansion in all sectors. We will return to this elsewhere.

5.3 Outlook

(0,real)
d

The integrality of the n from table [] is a strong check that our overall picture is

consistent. Note however that the overall normalization of these numbers is not fixed

Elo’mal) are divisible by the first number, ngo’mal)).

by integrality alone (in particular, all n
Our confidence in the enumerative predictions therefore mainly rests on the agreement be-
tween the two different computations of this normalization constant, monodromy and Abel-
Jacobi. As further comfort, we note that the corresponding predictions on the quintic [i]
have been verified in [B{] using the open Gromov-Witten theory of [BI] and localization on
the space of maps to the ambient P4. It would be interesting to verify our predictions in
the weighted case by this or other methods.

One might also ask if similar considerations could be applied as well to Lagrangians
with more general torsion H;(L,Z) = Z,. A natural guess would be that the domainwalls
separating these vacua are similarly captured on the B-side via an inhomogeneous extension
of the ordinary Picard-Fuchs equations of the form ~ z'/7. It would be interesting to find
some explicit examples which support this proposal.
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A. Inhomogeneous Picard-Fuchs equation via Griffiths-Dwork

In the following, we will give some more details of the main computation of section (@),
i.e. the evaluation of (B.14). In order to be able to evaluate (B.16), we first need to derive
the exact parts ﬁ(k) of the inhomogeneous Picard-Fuchs equations covering the (extended)
periods of Y(¥). We will achieve this via the Griffiths-Dwork method (see for instance [B]):
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The fundamental weighted homogeneous differential form of the ambient space is
given by
5
Z(—l)i_lmxidml AN ANdx; N...Ndzxs, (Al)

i=1

where v; are the weights and x; the homogenous coordinates of the ambient weighted P*.
: (k) ._ 5., (k)
For later convenience, we define w;"’ := d;w'"/.

The holomorphic 3-form is given by
Q = Resyy_Q, (A.2)

with Q = % For simplicity, the (%) indices are implicitly understood in the following.

wo = /F Q, (A.3)

where I is usually a 3-cycle, here however we allow I" to have a boundary JI', evaluates to

wo :/RGSW:()Q:/ Q, (A4)
T «(T)

where T, is a small tube around I'. From that we obtain

Then, the fundamental period

! _ ($1£E2£E3$4$5)l

where we have implicitly assumed that there will be no contribution of derivatives acting
on the chain. That this is indeed the case will be explicitly verified for the models under
consideration.

For | = 4 we can express Ofl}wo in terms of lower derivatives using the equations of
motion 9;W = 0 and “partial integration” (Griffith’s reduction of pole order) and obtain
in this way a differential equation of (inhomogeneous) Picard-Fuchs type satisfied by wy.
The calculation is lengthy, but straight-forward.

A1Y©®
Using the Griffiths-Dwork method as described above and the relation

V(1 = 9°) (afagaguias) = ¢ (efadadalas)0sW + ¢ (afa3ada]ag) 0sW
+ 5 (z1 292305 22) O3 W + o (wowSalad)0eW (A.6)
+ 97 (a3232302) W + O (xiaesasaiad) s W,

we obtain the inhomogeneous Picard-Fuchs equation

= (1 —¢%)0), — 20(1 + 5¢%)0 + (2 — 25¢°)0], — 15¢°0,, —v* = dB, (A7)
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with exact part

3(6 6 1733334 6,22 2 35 5 2 7, 4
3O =T [1/1 TR T5Ws + P T]TTFT | TEws + YT T34 T w3
4, 6,63 3,555 2 2 4,4 4 4 2
+ Yrraatririvg + i raizirivs + YialzsririTriws|

2
6,222 2 3 5 7.2 6,2.2 2 3 2
+ W3 [3¢Caiasasziziws + 20° v woxswiziws + 3Ylaiaswiaiaiw,

4,66 5 2.7 3,33 3
+ ot aSalesws + YPrizardalrsws — 2wx1m2x3x4m5w5]

1
5 2 4.6 5 2 2.2 2 2
+ W2 [61/1 T1T2X3T4T5Wa + V- T3Taws + V2122324 T5W3 + x1x2m3x4w5]

1
+ W [¢4$3W3] .
The next step in the evaluation of (B.16)) is to define a proper tube T,(9T"), where we
have for Y(©): 9T = CJ(FG) — "% with Céﬁ) given in (B.7). For simplicity, we set a(®) = i and

drop the ©) indices in the following. Observe that the curves C¢ possess two components
distinguished by v = %1, i.e. C¢ = C’Z’ + CC_ with

CZ = {21 = iCwy, w3 = iwg, w5 = i 5 7\/ Yrix3} . (A9)

Note that the curves intersect in three points:
pg = {x1 = iCxe,x3 =24 = x5 = 0}, po:= {x3 = irg, 21 = 29 = 5 = 0} . (A.10)

For the same reasons as in the quintic case discussed in [B], only the neighborhood of the
set of points {pg, pg := pa} gives a contribution to the integral over the tube T, (0T'). Hence,
the integral (B.1€) splits up into

/Te(ar B Z /E(C ) (A1)

¢,Yy%

¢

where we define the tubes T (C'Y, pl) around Cz near p; momentarily:

The region around the points pi is best described in the following two local charts of
the ambient weighted P*:

X T;

U, : J Us : J
1. Xy — xuj s 21 Tj — xuj s (A.12)

1 3

where pg cU.
Let us start with the region around p%: Changing to the inhomogeneous coordinates

of (A.13), i.e.

T’:zﬁ,X/::ﬁ,Y/::E,Z/::x—g, (A.13)
I 1 1 xrq

and performing subsequently the coordinate change

T T, Y — —iY, X' > X+Y+2Z, 2 — i T y(1+ /30 +2), (Al4)
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we obtain a more convenient parameterization of CZ and pgz

1
C’”:{T:—l X:—Z:—}
¢ ’ ’
C Vi”” (A.15)

Observe that the curves C’g are parametrized in their respective coordinate systems by the
single coordinate Y = re’®, and intersects with the other curves at r = 0.

We now define tubes 77 around the curves C’g by requiring that 7 7 lies outside of
Y inside a small neighborhood of pg (0 < r < r*) and inside of P©) else (r > 7*).
Therefore, consider the normal vectors

¢ —c1

7 2 . 7 2 .
Vey = acy D — 7y e 2P0y + 7T6_2’¢8Z , (A.16)
with "
fr
a:= g2 , (A.17)
1+ 2 /3Y3Y3

where f(r) is a non-negative C'*° function with f(0) = 1 and f(r) = 0 for r > r* > 0.
Clearly v¢ point inside of P©) for r > r*. Note that the definition of a¢~ naturally fixes the
point 7*. To see that, note if we define r* = (3¢*)~1/6 f(r*) must vanish, since otherwise
a¢, would have poles at r*. For reasons that will become clear later, we require as well
that the first derivative f’(r) vanishes at r > r* > 0.

One easily checks that

Do, Wlea = f(r) + /3¢5 > 0, (A.18)

hence v, points outside of Y©®) and thus we can use v¢y to define proper tubes Teﬁ. In
detail, the tubes are parameterized in local coordinates by

—¢—1
1 2 .
T:—l—i—éa,X:—Z:\/T_w—fyZ; ce2i (A.19)

where € = ¢Xe and x € [0, 27].
For the evaluation of (A.11]) we need to express (3 in the coordinates ([A.14), restrict
to the respective tubes and perform the integration over

/OOO dr/o% d¢/027r dy . (A.20)

Since the terms occurring in @ are proportional to %, we especially need wi’Tﬁ”' After
going to the chart U; and restricting to X’ = iY”’, we infer from (A.1]) that w; = 0 for
i ¢ {3,4} and

w4 = —twg = dT’' NdX' ' NdZ' . (A.Ql)
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Changing to the coordinates (A.14)) then yields

AT N dX' AN dY' = i~2 Cy\/30dT A dX AdY (A.22)
which restricts on the tubes TECV to
- . /
dT N dX NdY e, = —i"T e a (1 - gff((:D Edr Ade A dy . (A.23)

We have now everything at our disposal to infer the contribution of the integrals over the
tubes T, e(CZ; pg) to (JA.11)). For performing the explicit calculation, note that only terms
which do not come in powers of € can survive the integration over dy. Hence, the integration
over dy simply yields a factor of 2w. For the integration over d¢ it is more convenient to
perform the variable transformation ¢ — z, with z € C. In this coordinate, the integral
becomes a line integral around the unit circle in the complex plane and only terms can
contribute that have poles in the unit disk. Combined with the property f(r) = f/(r) =0
for r > r*, it is easy to see that only terms can contribute which do not come in powers of
z in the nominator.

Performing the explicit calculation we infer that there is no contribution from the
integrals over the tubes Te(CZ; pg) to ((A.11)).

It remains to evaluate the contribution of Te(Cg;pg) to (AI1): For that, we need
to perform the same calculations as above in the coordinate chart Us which includes ps.

Hence, we take the inhomogeneous coordinates

T'::%,X':ZE,Y'::g,Z'::x—g, (A.24)
I3 I3 I3 LE3

and perform the same coordinate redefinitions as in ([A.I4) in order to obtain (A.TJ).
However, this time pg corresponds to py. Due to the symmetry of W, the tubes Tem have

the same parameterization and we can still use (A.1G)-(A.23), if we replace
Wqg — W2, W3 — Wi . (A25)

Performing the explicit calculation similar as in chart U;, we infer that we obtain
contributions from the term

/ 6y woafafadwy nggl (A.26)
Te(Clip2) 3

W4

Note that we have taken an additional normalization factor of 67! due to Ggyx given in
table [] into account (ps is a singular point).

It remains to show that the underlying assumption that we have no contribution from
derivatives acting on T¢(I") indeed holds. The argumentation is as in [f]. For that, note
that the normal vectors implementing first order deformations of C’gf are given by

o1 ows 1 :
Ny = —1 2 7ﬁ7(83 —i04) . (A.27)

Hence, we have that

— (w3 —iwy) =0, (A.28)
where we used ([A.21)).



A2Y®

The discussion of the remaining two models Y® and Y19 is very similar to Y(®), hence
we will be brief:

For Y®) we use the relation

W’ (1- ¢8)(x1x§$§x3x5) wlo(x1x§x§x4x5)85w + ¢9($1x§x§l’4$5)84w
+ 8 (w1 wa3aad) 0sW + ¢ (voxfaiad) 0, W
+ 8 (@l alales) W + P (abaSaSales)os W
+ ot (aia3asaiad) oW + o (a1agasaiad) W,

(A.29)

to obtain the inhomogeneous Picard-Fuchs equation
= 3 (1—9%)0;) — (64 100°)07 + 54 (3 — 59®) 07, — 15(1+¢%)dy — v = dB, (A.30)

with exact part

6
wi
6,777 566 6 6 4555 5 2 3.4 .4 4 4 3
+ YPrizizirsw + Y ataszirirsws + Y riadeiwyriws + ¢ e rhas i riws]

[¢10$?$§$§$2$§W5 + pPa2a2adadrios + Y8riwandaladws + T xoad e,

3 =

2
9 2 8 9 9 10
W3 (3¢ wirdeieiedos + 208 e wonsalaiws + 20023 w330 wsws
1 4 1 2 2
+20 03303l wswy — 20100 eSSt dws + ¢7$§x§x5w5 + By zoadatrswy
9,2 2 3 2 2 2,3.3.3 3 2 3,4 4 4 4 4.5.5 5 5
+pP et rdadaiaios — 6y aiadadaizius — 3Yalaiaiaiasws — o x1m2x3x4w5]
1
8 2 9.2 2 2 3 9.2 2 2 2 7,8
+ w2 [41/1 T1T2T3TLT5Wa + 207 X7 T5x3Tjwa — 6P~ xTT323T5T5ws + Y T3Tawy
2 2.2 2 2 2
+ 38 T1T2x3T4T5w3 + 15| xr320iT5Ws5 + 31 :E‘i’:ngxgzniwd

1
+ W [1/)7333CU3 — 15:1711172333334(4)5] .

(A.31)

In order to evaluate (B.1€), we need to define proper tubes around the curves C<( )O

For simplicity, in the following we will just discuss the C<(_) ¢y part. The C<( +) & part can be

discussed similarly and the results just differ by an overall sign” (therefore the x in (B.17)).
Hence, let us consider the curves

Ci_gyi=A{r = alxg, 13 = axy, w5 = 207 Lpaal} (A.32)

In the following we will denote these curves simply as C; and we will implicitly set o = eim/8,
The two curves intersect in the point

p:={23 = azxy,z1 = 32 = 25 = 0} . (A.33)

" In fact, this must be so since by general principles, the total intersection of the hypersurface with a
plane should give a vanishing result.
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As a consequence, ([A.11)) reduces for Y® to

frin? = ™ 430

For the evaluation of ([A.34), we go to the local chart Us defined in ([A.24) and perform
the variable redefinitions

T — - ', Y -a YV, X' - X+Y+Z, 7 -a 11+ V20 +2))%. (A.35)

Then, we have

1
C’Cz{T:—l,X:—Z:—},
V?” (A.36)
T = 1, X=-Z=——Y=0%.
P { NeT }

The tubes T, EC around CC are parameterized similar as for Y (©) via normal vectors v¢ de-
fined by

ve = acOr — £a2(<_1)6_3i¢8){ + £a2(4_1)e_3i¢8z, (A.37)
with
T 2¢<§2((Z)—1)¢2Y4 ' (4.38)
This choice ensures that
Dy Wle, = f(r) +¢°r >0, (A.39)
such that TEC is well defined.
Thus, the tubes TS are locally parameterized by
T=-1+é, X=-7= \/%_w — €£a2<<_1)6_32¢, (A.40)

where ¢ = eXe.
As a last piece, we need the restriction of the forms w; to TS Going to the chart U,
and restricting to X’ = Y’ we directly infer that w; = 0 for i ¢ {1,2} and that

wo = —a‘wy =dI" NdX' NdZ' . (A.41)

Changing to the coordinates (JA.35) then yields

dT' NdX' N dZ' = —2a727\/2¢0(1 + /24(Y + Z))dT A dX A dY . (A.42)
Further,
39—y, —2ip=2 rf'(r)
dT A dX NdY |y = —izo (C=Dge=29e2 (1 — 370 dr ANdo Ady . (A.43)
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Thus,

wg‘Tg = —acwl\Tg (A44)

. /
= Ba T aype 2" <re’¢ + —Za2(<_1)6_3i¢€> & (1 — rf (r)) dr ANdo Ndy .
4 3f(r)

We have now everything at our disposal to calculate ([A-34). After performing the calcula-
tions, we infer that we have a contribution from the term

6U0 2Tzl xsw
/ 2V[§44 = (3n2?, (A.45)
Te (CC ;p)

where we included an additional normalization factor of 4=, similar as in the Y(© case.

Similar as for X(6), we infer from the normal vector

altl

_ > T ¢
ne = 4¢2 o (81 + « 82) . (A46)
that
¢+1
[0 xT5 _

where we used (A.41)). Hence, the underlying assumption that we have no contribution
from derivatives acting on T,(T") holds.

A.3 Y10

For Y19 we use the relation

P31 = ) (@iaagaiag) =y (afadadalas)0sW + o (afa3adalas) s W
+ 1@y woa2aad) W 4 2 (zoai0aia?) 0 W
+ P8 (aadadies) oW + T (afadaladies)0sW (A.48)
+ S (2l alalada)0s W + 5 (aSaSaSayad)0sW

+ oyt (aa3a3a3) s W + 0P (afaqagas) W
to obtain the inhomogeneous Picard-Fuchs equation

LU9 =y (1-91)0] =100 (14+¢'0) 95 +59 (T—5¢'0) 92 —5(7+3¢'0) 9y —® = dfF, (A.49)
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with exact part

— [Y2adadadadaios + M atadadadvdog + 9 0r mordaladus

=
1 2 4 2,2
+ PP zoalOaiadws + pPadadairswy + ¢ afaSalatrsws + 1/)%{:13;:17&4:175@‘)5

5666 3 4.5 55 4 3.4 4 4 4
+ P alzhriraziws + vt ririrsws + VP rizsrsriws]

B(IO

+ W [3w11x%x§x§xixgu5 + 2002y wozgaSains + 20 pirdaiatviw,
1 2 11,2 2 3 2 2
+2 203 w5ws + P 0z woxl adaswy + Y e adadeiaius + TP aSaSaSrrsws
—10¢% e a3 a3t vws — 1093 ciasainizsws — 109} xS xdaiws
566 6 2 6,777, 2
—10¢°zi x5 04 — Y x1$2x3x4w5]

W2 [5¢ $1x2x3$2$5w4 + 21[) x1$2$§x4$5w3 + 351/)x1:172x§:172:175w5 + ¢ :E31E4w3
3.3 ]

+ 52 aasaiws + b aiririws + 130 et edadws + 1092 i3 zdriws

+”ﬁ7[¢p$4W4——35$1$2$3$4W5].

(A.50)

It is easy to see that the curve for Y19 given in (B-1) can be obtained by the intersection
P'NnY (10 with the plane

1
P .= {xl = oo, —a5x§ + x5 — YT1ToT3T4 = 0}. (A.51)

V5

By the principle mentioned in the footnote on page g, we can (up to a sign) use either of the
components of P'NY 10 ie. either (B7) or the curve x?l = 0. The latter curve is however
also contained in the intersection of Y19 with some different planes, and for incidental
reasons, we prefer to present the evaluation of the integral in one of these alternative planes.
More explicitly, the curve from (B.7) is equivalent to the curve

. o1
C’Z = {:171 = i(x9, x5 = zma:g,xi = 7\/6\/51/21#@:17%} ) (A.52)

with v = £1, which we obtain from PNY (19 where P is related to P’ via the coordinate
transformation x5 — x5 + r12x9z324. Similar as the curve for Y(©) the C¢ curve splits
into two components, i.e. C; = C’ZF + CC_‘

The component curves meet in three points:

. 1
={r1 =iCro,x3 =14 = x5 =0}, po = x5 = xg,xl xo=x4=0p . (A.53)
51/2

In order to evaluate (A1), we go to the local chart U; given by (A.I3) and perform
the following variable redefinitions:

T —iCT, Y —i5 2y X' — (X +Y + 2)%,
7! — AM2AL 4 52112y 4 7)) (ALB4)
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Then,

1
T = = — = — =
CC = {T =-1,X Z S },

) (A.55)
Pi=4T=-1,X=-Z=—— Y =0;.
/51/124),1/6
We define the tubes TECV via the normal vectors
3/2,5/4 3/2,5/4
vE¢ —14i¢ 7 C —14i¢
Uiy = acfyaT — WC aX + me (92, (A56)
with )
r
Ay "= 7 A 1/2(3/45-3/3y5/AY 15 (A.57)
Then, we have
Due, Wlgo = f(r) + 4%/ > 0, (A.58)
such that the tubes T are well defined and locally parameterized by
1 3/25/4 ,
T=-1+4é1, X=—Z= VT vy (A.59)

/51/12),1/6 12.5-3/8

where € = eXe.
Let us now consider the forms w;: Going to the chart U; and restricting to Y/ =
512X we directly infer that w; = 0 for i ¢ {3,5} and that

wy =—dT' NdY' NdZ' |, ws = —dT' NdX' NdZ' . (A.60)

Thus,
ws = —i5 V23X "y = —dT' ANdX' N dZ' (A.61)

Changing to the coordinates ([A.54)) then yields
dT' NdX' NdZ' = iy 246 524 2 (XY +2) (14 5242 (Y + 2))2dT A dX NdZ

(A.62)
Further,

_ _Z 3/8.3/2,5/4 _—13i¢ =2 _ rf'(r)
dT/\dX/\dZ|T€<7— 65 ~212¢%  ae el 47 (1) dr Ndo N dyx . (A.63)

Hence,

!/
’U)5|T£W e Z? 53/241)[)1/12&6—132(17}/(1 + 51/24¢1/12(Y + Z))2 (1_ %((Z))) €2d7" /\dﬁs/\dx,
!/

' rfi(r
w3 e =7 515/24)1/12 o= 13i6y9 (1 4 5124112y 4 7))? (1_ 1Z{f((r))

> edr N dg A dx.
(A.64)
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After performing the explicit integration, we infer that we obtain contributions from the

following terms occurring in £10)

[, el (2 g
T we g |
14 5,.6,.6,.6 7
/T@ 0 xlx‘ifig,mxsws _ —Cg\/gﬂ27/’37 (A.65)
13¢*afadaiws 13 2.3

where we have included an additional normalization factor of 10~

With similar computations as above one can show that for chart Us (which includes
p2) no contribution arises.

Summing the contributions given in ([A.69), we infer

~ 8
/ B =(oVhniyt . (A.66)
Te(CZ;pg) 5
It remains to show that the underlying assumption is correct: We have
BN Y7 S Py 7 %21 £1/2, 4
Ney =7 ¢ 15 P - <83 — 15 :17385) . (A.67)
Hence,
1 2
Neyw = 7_1C_1/2Z5_1/41/)_3/22—§ (wg - 2'51/2:17§w5) =0, (A.68)

where we used ([A.61)).
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